This manuscript deals with a new set of sufficient conditions for the existence of solutions for a class of impulsive fractional neutral stochastic integro-differential systems (IFNSIDS) with nonlocal conditions (NLCs) and state-dependent delay (SDD) in Hilbert spaces. An example is provided to illustrate the obtained theory.
Introduction
In this paper, we establish the existence of mild solutions for IFNSIDS with SDD in Hilbert spaces through the utilization of the fixed point theorem of Krasnoselskii [], Lemma .. We discuss the impulsive neutral stochastic integro-differential equations of fractional order with NLCs and SDD of the model
C D α t u(t) -G (t, u (t,u t ) )
= A u(t) + F t, u (t,u t ) , . . , n, are jumps of the solution at impulsive points t k ( < t  < t  < · · · < t n < T), A : D(A ) ⊂ H → H is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators {T(t) : t ≥ }, that is, T(t) ≤ M for some constant M ≥  and all t ≥ . The time history u t : (-∞, ] → H, u t (θ ) = u(t + θ ) belongs to some abstract phase space B described axiomatically in Section , and : I × B → (-∞, T] is a continuous function. Let K be another Hilbert space and suppose that {W (t)} t≥ is a K-valued Brownian motion (or Wiener process) with finite trace nuclear covariance operator Q ≥  defined on a complete probability space ( , F, P). We denote by PC(I , L  ( , F, P; H)) the Banach space of piecewise continuous functions from I into L  ( , F, P; H) with norm u PC = sup t∈I |u(t)| < ∞ (by piecewise continuous functions we mean the functions that are continuous everywhere except for some t k at which u(t The functions G , F , , e i , i = , , I k , and h are apposite functions to be specified later.
The concept of semigroups of bounded linear operators is precisely relevant to dealing with differential and integro-differential equations in Banach spaces. Lately, this strategy has been utilized to a substantial type of nonlinear differential equations in Banach spaces. For more points of interest on this concept, we refer to Pazy [] . In the midst of the past two decades, fractional differential equations (FDEs) have picked up extensive vitality because of their use in numerous sciences, including physical science, mechanics, and engineering [, ]. There has been a lot of enthusiasm toward the solutions of fractional differential equations in systematic and mathematical thoughts. For fundamental certainties about fractional systems, we refer to the books [-], papers [-], and the references therein. FDEs with delay features happen in several areas such as medical and physical with SDD or nonconstant delay. Nowadays, the existence and controllability of mild solutions for such problems became very attractive. As of late, a few papers have been published on the fractional-order problems with SDD (see [-] and references therein). Particularly, in [] , the authors studied the existence of solutions for fractional integro-differential equations, whereas Benchohra et al. [, ] established the existence of mild solutions for fractional integro-differential equations in Banach spaces. In [-], the authors investigate the existence and approximate controllability results for neutral fractional differential (or integro-differential) equations (or inclusions) in Banach spaces.
On the one hand, various evolutionary processes from fields in physics, population dynamics, aeronautics, economics, and engineering are characterized by the fact that they undergo abrupt changes of state at certain moments of time between intervals of continuous evolution. Because the duration of these changes is often negligible compared to the total duration of the process, such changes can be reasonably well approximated as being instantaneous changes of state or in the form of impulses. These processes tend to be more suitably modeled by impulsive differential equations, which allow for discontinuities in the evolution of the state. For more details on this theory and its applications, we refer to the monographs of Lakshmikantham On the other hand, the study of differential equations with NLCs is of significance due to its applications in problems in physics and other areas of applied mathematics. Byszewski [] proved the existence of mild, strong, and classical solutions for the nonlocal Cauchy problem. As commended by Byszewski and Lakshmikantham [] , the NLCs can be more helpful than the standard initial condition to depict some physical marvels. There are numerous papers involved with the NLCs; see [, ] and the references therein for illustrations.
A natural extension of a deterministic differential equation model is a system of stochastic differential equations, where relevant parameters are modeled as suitable stochastic processes. This is due to the fact that most problems in real-life situations are basically modeled by stochastic equations rather than deterministic. Furthermore, it should be mentioned that noise or stochastic perturbation is unavoidable in nature and man-made systems. Thus, stochastic differential equations have attracted great interest due to their extensive applications in describing many sophisticated dynamical systems in physical, biological, medical, and social sciences; see [, -] and the references therein for details.
The Rather than the present results, this paper has some positive aspects, namely: We include the integral term in F and and present an appropriate notion of mild solution of model (.)-(.) with the help of the Laplace transform and probability density functions. Further, in Lemma ., we prove that our definition of mild solution satisfies the given system. Then, we analyze the existence of mild solutions for IFNSIDS with NLCs and SDD of problem (.)-(.) under the Krasnoselskii fixed point theorem in B phase spaces, and the results in [, ] might be observed as particular circumstances. By using the concept introduced in this paper, we can analyze the approximate controllability, stability, and so on with necessary modifications. The further developments are clearly given in the conclusion section.
Since impulsive effects also widely exist in fractional stochastic differential systems, it is important and necessary to discuss the qualitative properties for impulsive stochastic fractional integro-differential equations with nonlocal conditions and state-dependent delay. However, to the authors' knowledge, little is concerned with the existence results for IFNSIDS with NLCs and SDD in Hilbert spaces. The purpose of this paper is to analyze this fascinating model (.)-(.).
The rest of the paper is organized as follows. In Section , we give some preliminaries, basic definitions, lemmas, and results. In Section , we present and prove existence results for problem (.)-(.) under the Krasnoselskii fixed point theorem. In Section , as a last point, an example is given to illustrate our theoretical results.
Preliminaries
Let (H, · H ) and (K, · K ) be two real separable Hilbert spaces. We utilize the same notations · and (·, ·) to represent the norms and inner products in H and K. Let ( , F, P) be a complete probability space furnished with a normal filtration F t , t ∈ I , satisfying the usual conditions, and E(·) means the expectation with respect to the measure P. An H-valued random variable is an F -measurable function u(t) : → H, and a collection of random variables W = {u(t, ω) : → H| t∈T } is called a stochastic process. We suppress the dependence on ω ∈ and write u(t) instead of u(t, ω) and u(t) : I → H instead of W. Let {β n } n≥ be a sequence of real-valued independent Brownian motions. We define
where {χ n } n≥ is a complete orthonormal system in K, and λ n ≥  (n = , , . . . ) are nonnegative real numbers. Let Q ∈ L(K, K) be an operator satisfying Qχ n = λ n χ n with tr(Q) = ∞ n= λ n < ∞. Then, the above K-valued stochastic process W (t) becomes a Q-Wiener process. We assume that endowed with the norm u η = A η u , which is equivalent to the graph norm of A η .
Lemma . []
Suppose that the preceding conditions are satisfied. 
It needs to be outlined that, once the delay is infinite, we should talk about the theoretical phase space B in a beneficial way.
We assume that the phase space (B, If u : (-∞, T] → H, T > , is continuous on I and u  ∈ B, then, for every t ∈ I , the accompanying conditions hold:
is locally bounded, and E  , E  are independent of u(·). (P  ) The function t → ϕ t is well described and continuous from the set
into B, and there is a continuous and bounded function
The space B is complete.
where
, and
Consider the space
The function · B T defined as
is a seminorm in B T . Now, we provide some additional fundamental definitions and outcomes of the fractional calculus theory.
Definition . []
The fractional integral of order γ with the lower limit zero for a function f is defined by
provided that the right part is pointwise defined on [, +∞), where is the gamma function.
Definition . []
The Riemann-Liouville derivative of order γ with the lower limit zero for a function f ∈ L  (I , H) is defined by
where ϒ  is a contour which starts and ends at -∞ and encircles the disc |λ| ≤ |z|
counter-clockwise, and C denotes the complex plane. For short, set
Definition . []
The Wright-type function is defined by
Presently, we are in a position to characterize the mild solution for system (.)-(.). For this, we first consider the system
. Now, we first consider the classical solutions to problem (.)-(.). Then, based on the expression of such solutions, we define the mild solutions of problem (.)-(.). Finally, we obtain relations between the analytic semigroup {T(t)} t≥ and some solution operators. 
Here C is a suitable path satisfying λ α / ∈ μ + S θ for some λ ∈ C.
Proof According to the Definitions . and ., we rewrite the Cauchy system (.)-(.) as the equivalent integral equation
taking the inverse Laplace transform of the above equation, we obtain
Note that F satisfies the uniform Hölder condition with exponent β ∈ (, ). Hence, the classical solutions of Cauchy system (.)-(.) are fixed points of the operator equation (.).
In view of Lemma ., we determine the mild solutions of system (.)-(.).
Definition . A function x : I → H is said to be a mild solution of problem (.)-(.) if x ∈ C(I , H) fulfills the accompanying integral equation
Remark . It is straightforward to confirm that the classical solution of system (.)-(.) is a mild solution of the same system. Thus, Definition . is correct (see [, ]).
Lemma . ([], Lemma ) Let A be the infinitesimal generator of an analytic semigroup {T(t)} t≥ and suppose that  ∈ ℘(A ). Then we have
Here φ α (r) is the probability density function on (, ∞) with the Laplace transform
sin(nπα), and r ∈ (, ∞) (see [] ). Thus, we get
is the probability density function on (, ∞) such that
By Lemma . and Eq. (.), we have
Further, we estimate S α (t):
.
Then again, for all x ∈ D(A ) ⊂ H, we notice that
Thus,
Moreover, we have an estimate of T α (t),
Before we characterize the mild solution for system (.)-(.), we finally treat the following system: 
Now, arguing as in [] and applying the Laplace transform to (.), we get
s, x(s) dw(s).
By the same calculations as in [] and by the properties of the Laplace transform we obtain a mild solution of system (.)-(.),
where T α and S α are defined in (.). Next, we shall show that, indeed, this mild solution satisfies system (.)-(.). To prove this, we first prove the following crucial lemma.
where T α (t) and S α (t) are defined in (.).
Proof By the well-known result from [], Lemma ., we have
Furthermore,
Thus, it follows from (.) and (.) that
Now, it is time to show that the mild solution satisfies model (.)-(.). From Eq. (.) we have
Taking the Caputo derivative of both sides, in view of Lemma ., we have
From the previous discussion we observe that our definition of a mild solution satisfies the given system (.)-(.). In accordance with discussion, we define a mild solution of the model (.)-(.). u (s,u s ) ) is integrable, and the following stochastic integral equation is satisfied:
Existence results
In this section, we show the existence of solutions for model (.)-(.) under the Krasnoselskii fixed point theorem [] using the operator semigroup theory and fractional calculus. We introduce the following hypotheses: (H) The function G : I × B → H is continuous, and there exist constants β ∈ (, ) and M G >  such that G is H β -valued and satisfies the following conditions:
(H) The function F : I × B × H → H satisfies the following properties:
(iii) There exists a positive integrable function m F ∈ L  (I ) and a continuous 
(H) The functions I k : B → H, k = , , . . . , n, are continuous, and there exist nondecreasing continuous functions
(H) The function h : B → H is continuous, and there exists a constant M h >  such that, for all x ∈ B, we have
Now, we are in a position to derive the existence results for model (.)-(.).
Theorem . Let assumptions (H)-(H) hold. Then system (.)-(.) has a mild solution on I , provided that
Proof Let us transform model (.)-(.) into a fixed-point problem. Consider the operator
By Lemma ., for any u ∈ H and β ∈ (, ), we have
On the other hand, from the equality
Then, by (.) and (.) it is easy to see that
It is obvious that the function s → A S α (t -s)G (s, u (s,u s ) ) is integrable on [, t) for every t > .

It is evident that the fixed points of the operator ϒ are mild solutions of model (.)-(.). We define the function x(·) : (-∞, T] → H by
Then x  = ϕ. For every function z ∈ C(I , R + ) with z() = , we define the functionz bỹ
If u fulfills (.), then we are able to split it as u(t) = z(t) + x(t), t ∈ I , which suggests to take u t = z t + x t for t ∈ I , and the function z satisfies
then, for each r, B r ⊂ B  T clearly is a bounded closed convex set. For z ∈ B r , by Lemma . and by the above discussion we get
. We define the operator ϒ :
We see that the operator ϒ has a fixed point if and only if ϒ has a fixed point. Thus, let us demonstrate that ϒ has a fixed point. Now, for t ∈ I , we split ϒ as ϒ  + ϒ  , where
and
The proof of the theorem is lengthy and technical. Therefore, it is practical to split it into several steps.
Step : ϒ(B r ) ⊂ B r for some r > . We assume that there exists a positive integer r such that ϒ(B r ) ⊂ B r . If this were not true, then for each positive number r, we could find a function z r (·) ∈ B r such that
Using (.), (.), (.), (H)-(H)
, and Hölder's inequality, we get:
where C  -C  are independent of r. Dividing both sides by r and taking the limit as r → ∞, we get
which is a contradiction to (.). For this reason, for some positive number r, we have
Step : ϒ  is contraction. For z, z * ∈ B r , we have
From (.), Lemma ., and (H) we get
By combining estimates (J  )-(J  ) along with (.), we get
Step : ϒ  maps bounded sets into bounded sets in B r . It is sufficient to show that there exists a positive constant  such that, for each z
, and Hölder's inequality we get:
Substituting the estimates (J  )-(J  ) into (.), we get
Then, for all z ∈ B r , we have ϒ  z  ≤  . Hence, ϒ  maps bounded sets to bounded sets in B r .
Step : ϒ  maps bounded sets into equicontinuous sets of B r . Let  < < t < T and δ >  be such that T(t α  ) -T(t α  ) < for any z ∈ B r and  ≤ t  ≤ t  ≤ T. Then we have
From (.), (.), (.), (H)-(H) and Hölder's inequality we get:
Then from the compactness of T( α δ) ( α δ > ) it follows that the set V ,δ (t) = {(ϒ ,δ  z)(t) : z ∈ B r } is relatively compact in H for all >  and δ > . Also, for every z ∈ B r , we have
By substituting the estimations (J  )-(J  ) into (.), we get
This implies that there are relatively compact sets arbitrarily close to the set V(t), t > . As a result,
Therefore, by the Arzelà-Ascoli theorem the operator ϒ  is completely continuous. Consequently, by the Krasnoselskii fixed point theorem [], Lemma ., we get that ϒ has at least one fixed point z *
. Along these lines, u is a fixed point of the operator ϒ, which is a mild solution of problem (.)-(.). The proof is now finished.
Application
In this section, we provide an illustration of the existence results for an IFNSIDS with SDD of the form
where β(t) is a standard cylindrical Wiener process in H defined on a stochastic space ( , F, {F t }, P), D α t is Caputo's fractional derivative of order  < α < , ϕ is continuous, and  < t  < t  < · · · < t n < T are prefixed numbers. We consider 
is a Banach space satisfying (P  )-
we have
Then using these configurations, system (. Thus, under all these conditions, we have
Therefore, hypothesis (H) holds. Similarly, we have
Since F : [, ∞) → (, ∞) is a continuous and nondecreasing function, we can take F (r) = F (r) in (H).
In the same way, we have 
Conclusion
In this paper, we have studied the existence results for impulsive stochastic fractional neutral integro-differential systems with nonlocal and state-dependent delay conditions in a Hilbert space. More precisely, by utilizing the stochastic analysis theory, fractional powers of operators, and the Krasnoselskii fixed point theorem, we investigate the IFNSIDS with NLCs and SDD in a Hilbert space. To validate the obtained theoretical results, we analyze one example. The FDEs are very efficient to describe the real-life phenomena; thus, it is essential to extend the present study to establish the other qualitative and quantitative properties such as stability and controllability.
There are two direct issues that require further study. First, we will investigate the approximate controllability of fractional neutral stochastic integro-differential systems with state-dependent delay in the cases of a noncompact operator and a normal topological space. Second, we will study the approximate controllability of a new class of impulsive
